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1. Introduction

In a paper by Issa and Kempf (2003), it was demonstrated that the two-fluid model in its one-dimensional,
transient form can automatically capture the generation and subsequent motion of slugs in two-phase flow in
horizontal and nearly horizontal pipes. In that work, the influence of closure models to represent frictional
effects (both wall and interfacial), on the prediction of slug initiation and characteristics, once generated, was
discussed. It was found that the correlation of Taitel and Dukler (1976) for the friction factor for interfacial
shear gave good results for the range of gas velocities considered. However, the correlation is appropriate for
smooth interfaces, while it is well known that at high gas velocities, the gas/liquid interface becomes wavy
(rough), thereby enhancing frictional effects between the liquid and gas. Andritsos and Hanratty (1987) had
developed an alternative correlation for situations when the interface is wavy; it is this correlation that has been
implemented in the slug capturing numerical procedure of Issa and Kempf and the results are presented in this
paper. It will be shown that as the gas velocity increases, the Andritsos and Hanratty correlation begins to exert
greater influence on the quality of the prediction of slug characteristics, giving better agreement with experiment.

In slug flow, gas is often entrained from the large elongated gas (often called Taylor) bubble into the body
of the liquid slug (also referred to as ‘‘aeration’’), and this is believed to have a significant effect on the slug
behaviour. The phenomenon is a direct consequence of the strong turbulent action induced by the large vortex
motion set up at the slug front by the entry of the higher velocity liquid from the preceding liquid film. This
leads to the fragmentation of the tail of the elongated Taylor bubble into small gas pockets that are entrapped
in the flowing liquid. It is hence desirable to model this phenomenon in order to improve the accuracy of the
prediction of slug characteristics. In the development of the slug capturing methodology, Bonizzi and Issa
(2003) extended the capability to account for the entrainment of small gas bubbles in the body of the liquid
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slug. In that work, various correlations for the rate of entrainment of gas were tested and the one that was
found to give the best results was due to the hydraulic jump analogy. However, that analogy considers only
hydrodynamic effects and does not account for fluid properties such as surface tension and viscosity which are
bound to play a major role in determining the entrainment process (for example, it is known that entrainment
rate in a gas/oil system is different from that in a water/gas system). Recently, Brauner and Ullamn (2004)
proposed a new correlation for the entrainment rate which accounts for the physics of the process and features
the fluid properties. In the present paper, this correlation is adapted and the resulting slug flow predictions are
tested against measurements.

2. Two-fluid model

The basis of the two-fluid model is the formulation of two sets of conservation equations for the balance of
mass, momentum and energy for each of the phases. The one-dimensional form of the model is obtained by
integrating (area averaging) the flow properties over the cross-sectional area of the flow. The transfer of
momentum and energy between the walls and the fluids and between the fluids themselves is accounted for
via source terms in the equations that are based on empirical correlations. The present study concerns isother-
mal flow so the equations solved are those for the conservation of mass and momentum only. For one-dimen-
sional stratified and slug flow they are
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These equations are complemented by the compatibility relation:
aG þ aL ¼ 1 ð5Þ

In the above equations, subscripts G, L, and i refer to the gas and liquid phases, and the interface, respectively.
The axial coordinate is x, the density is q, the phase fraction is a, the velocity is u, the mass transfer per unit
volume between the phases is m�b, the interface (and gas) pressure is p, the pipe inclination is b, the height of the
liquid surface (assumed flat) above the pipe bottom is h and the acceleration due to gravity is g. The liquid is
assumed to be incompressible, while the gas is taken to be compressible obeying the ideal-gas equation of
state. The terms F stand for the frictional forces per unit volume between each phase and the wall, and
between the phases at their interface. These shear forces are determined from commonly used friction factor
correlations (for details see Issa and Kempf, 2003). Of interest here is the interfacial friction which is given by
F i ¼ �
1

2
fiqGjuG � uLjðuG � uLÞSi=A ð6Þ
where, A is the pipe cross-sectional area and Si is the interfacial width. The friction factor at the interface, fi is
the subject of investigation here.

3. Interfacial friction at wavy interfaces

In previous slug capturing calculations carried out at low gas velocities (Issa and Kempf, 2003), the inter-
facial friction factor fi was assumed to be the same as that for gas-wall friction, fg. Both were based on the
correlation of Taitel and Dukler (1976) which gives fi ¼ CiRe�ni

i , where Rei is defined as Rei ¼ DGðuG�uLÞ
mG

and
DG is the hydraulic diameter of the gas phase. The coefficients Ci and ni respectively take the values of
0.046 and 0.25 if the flow is turbulent (Rei > 2100), or 16 and 1 if the flow is laminar (Rei 6 2100).

The assumption of equal gas and interface friction factors in stratified flow is only valid when the gas–liquid
interface is smooth. At high gas velocities (uG > 5 m/s), the interface is known to become wavy, resulting in
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much increased interfacial shear. The interface then acts as a rough surface over which the gas, being the faster
fluid, flows. These effects cannot in general be captured by a one-dimensional model as they arise from multi-
dimensional phenomena. This therefore calls for a correlation appropriate to wavy interfaces and here the cor-
relation proposed by Andritsos and Hanratty (1987) is implemented and evaluated.

Andritsos and Hanratty observed that the ratio fi/fG, remains roughly equal to unity until a certain value of
the superficial gas velocity UGt corresponding to the transition from a smooth interface to a regime of large

irregular waves is reached. That velocity was found to be U G;t ¼ 5 qGo

qG

� �1=2

where qG0 and qG are respectively
the gas density at atmospheric and operating pressures. They then proposed the following relation for the
determination of fi which is expressed in term of the ratio fi/fG. Hence
fi=fG ¼ 1þ 15

ffiffiffiffi
h
D

r
UG

5

ffiffiffiffiffiffiffiffi
qG

qGo

r
� 1

� �
for UG P UG;t ð7Þ
otherwise, fi/fG = 1 for UG < UG,t.
4. Gas entrainment

In order to account for the process of aeration within the framework of the slug capturing methodology,
Bonizzi and Issa (2003) introduced a model based on the solution of an additional transport equation for the
fraction of gas bubbles that are entrained into the slug, aB. The new equation takes the form
oðqGaBÞ
ot

þ oðqGuBaBÞ
ox

¼ m�b ð8Þ
where m�b is the local rate of gas bubbles entrained (at the slug front) or rejected (at the slug tail) per unit
volume. The velocity of the small bubbles uB is determined from an equation of motion for an individual
bubble in which equilibrium between the local pressure gradient (obtained from computed pressure field)
and the drag force on individual bubbles is assumed. Another necessary modification is to treat the liquid
phase as a mixture composed of the liquid and dispersed small bubbles; this entails the replacement of the
liquid density in the continuity and momentum Eqs. (2) and (4) by that of the mixture, thus
qL ) aLqL þ aGqG
The entrainment rate m�b plays a crucial role in determining the amount of gas entrained in the body of the slug
and must be specified by a closure relation. Bonizzi and Issa (2003) used a few relationships available in the
literature for the specification of m�b and found that the most accurate one was that based on the analogy to
hydraulic jumps as proposed by Jepson (1987). The argument for this being that since the entrainment is a
consequence of the liquid pick-up process from the liquid film into the slug, the phenomenon is similar to
the air carry-under and bubble dispersion process associated with plunging jets occurring in hydraulic jumps.
Among the many available correlations for the entrainment rate in hydraulic-jumps, the one recommended by
Chanson (1996) was used since it is reportedly to be the most widely used in engineering practice. It is
expressed as
M�
b ¼ qGAlfðut � uLfÞ1ðFr � 1Þe ð9Þ
where M�
b is the entrained mass flux of gas bubbles from which m�b in Eq. (8) can be determined, and ut and uLF

are the velocities of the slug body and the liquid film ahead of it, respectively. Coefficients f and e depend on
the Froude number and take respectively the values of 0.018 and 1.245 for 2.5 < Fr < 7 and 0.014 and 1.4 for
7 < Fr < 30. The Froude number Fr is defined by Fr ¼ ut�uLfffiffiffiffiffiffiffiffiffiffiffi

gALf=Si

p , where ALf represents the area occupied by the
liquid film.

Although Bonizzi and Issa obtained very good agreement with measurements using this correlation for the
entrainment rate, their comparisons were limited to air/water systems. It is evident from the Eq. (9) that the
expression is independent of fluid properties, in particular, viscosity and surface tension. This is at variance
with experimental observation; hence a correlation that involves fluid properties should be employed. To this
end, the recently published correlation of Brauner and Ullamn (2004) is introduced. That correlation was
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derived on the basis of the balance between the turbulence kinetic energy flux, associated with the film jet, and
the surface energy production. This leads to an entrainment rate (mass flux) given by
Table
Cases

Runs

Case 1
Case 2
Case 3
Case 4
M�
b ¼

AqG

400Cj
dcritðWe� WecrÞaLfðut � uLfÞ ð10Þ
where Cj is a coefficient of the order of unity (taken here to be 1) and the critical bubble diameter dcrit is given

by dcrit ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:4rGL

jqL�qG jg

h ir
. The Weber numbers We and Wecr are defined by We ¼ qLðuL�uLf Þ2D

rGL
and Wecr ¼ 100C0

dcrit=D where

C 0 takes the value of 0.5 and D is the pipe diameter.

5. Results

5.1. Interfacial shear

The correlation of Andritsos and Hanratty was implemented in an existing computational code (described
by Bonizzi and Issa, 2003) that has the capability of capturing slug flow using the two-fluid model. The results
of the calculations for air water systems (in the absence of slug aeration) are compared with both experimental
data and the smooth interface correlation of Taitel and Dukler. The reason for not accounting for the effects
of gas entrainment was to enable the study the influence of the interfacial shear in isolation. The measurements
were obtained by Manolis (1995) from the WASP facility at the Chemical Engineering Department of Imperial
College. Simulations were carried out for different values of superficial gas and liquid inlet velocities as shown
in Table 1. The length of pipe considered was 36 m and the number of computational cells was 1250 which
corresponds to grid spacing of about 0.4 pipe diameter. This size of mesh was found (through successive mesh
refinement) to be appropriate to yield gird-independent solutions. The pressure at outlet was taken as
atmospheric.

The statistically averaged slug frequencies obtained for each case using the two correlations for the com-
putation of the interfacial friction factor are presented in Fig. 1 together with experimental data. At lower
superficial gas velocity (UG < 5 m/s), both correlations provide excellent agreement for slug frequencies.
The agreement between the two correlations at these velocities is not surprising since the friction factors
should be equal for a smooth interface. On the other hand, for superficial gas velocity higher than 5 m/s,
the results from the two correlations begin to differ, with the Andritsos and Hanratty giving consistently
1
studied for interfacial shear validations

UG (m/s) UL (m/s)

10.474 0.761
6.837 0.772
8.344 0.49
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Fig. 1. Predicted and measured slug frequency.
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Fig. 2. Predicted and measured pressure gradient.
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higher values that are in closer agreement with the data. This is to be expected since the propensity of the flow
to slug is enhanced by higher frictional forces (as was shown by Issa and Kempf (2003)).

Fig. 2 presents the results for the pressure gradient along the pipe. At lower gas velocities, the pressure gra-
dient is predicted well with both correlations. At higher gas velocities the Andritsos and Hanratty correlation
once again tends to predict the data better, with the exception of case 3. Had it not been for this one compu-
tation, more definitive conclusions could have been drawn regarding the efficacy of the Andritsos and
Hanratty correlation. Nonetheless, it can be said that it has generally led to better predictions in most cases.

It should be pointed out that the Andritsos and Hanratty correlation was only tried in slug flow at atmo-
spheric pressure. It has been suggested by some workers in the field that the correlation may not be valid in
stratified flow at high pressures (wherein the interface may be smooth even at high gas velocities). Indeed, sub-
sequent computations in the stratified flow regime, carried out by the present authors, have confirmed this
limitation.

5.2. Gas entrainment

The correlation of Brauner and Ullman for the entrainment rate was also implemented and tested against
the hydraulic jump correlation. The computations were validated against two sets of experimental data. The
first set is that of Felizola and Shoham (1995) who used air and kerosene in their experiment; the density, vis-
cosity and surface tension of the kerosene were respectively 800 kg/m3, 0.0016 kg/(m s) and 0.028 N/m. The
pipe used was 15 m long and 0.051 m in internal diameter. The second set of experiments was that due to
Gregory et al. (1978) who studied air and light oil slug flow in a 17 m pipe of 0.0512 m internal diameter
Fig. 3. Predicted and measured gas fraction; data of Felizola and Shoham.



Fig. 4. Predicted and measured gas fraction; data of Gregory et al.
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at a pressure of 2.55 bar. The density and viscosity of the light oil were 858 kg/m3 and 0.00675 kg/(m s) respec-
tively. Simulations were performed for liquid superficial velocities of 0.5 m/s for the Felizola and Shoham
experiment and 0.305 m/s for the Gregory et al. data. The computations were carried out with a mesh spacing
of 0.5D (which once again was established to give grid-independent solutions); at inlet, steady state conditions
were assumed.

Figs. 3 and 4 show the computed slug void fraction for different mixture velocities compared against the
above mentioned sets of data. It is evident that in both cases the agreement between the theory and experiment
is substantially improved at moderate and high mixture velocities by using the Brauner and Ullman correla-
tion. The discrepancies between calculations and data are typically reduced from around 25% to only 10%,
which is a significant reduction. This improvement is undoubtedly brought about by the accounting for fluid
properties in the new correlation, unlike the hydraulic jump which was developed for air/water systems and
does not feature fluid properties.

6. Conclusions

In order to improve the slug capturing capability of the one-dimensional, transient two-fluid model, accu-
rate closure relations are needed. Here, two improved closure models have been implemented and tested
against available experimental measurements. The first relates to the friction factor for wavy interfaces in
stratified flow. The correlation of Andritsos and Hanratty for rough interfaces was introduced and validated
in slug flow at atmospheric pressures and was mostly found to improve the predictions over those from the
smooth interface correlation of Taitel and Dukler. Further work on such correlations is needed for systems
at high pressures and higher gas velocities.

The second development relates to the introduction of the recently published correlation for the rate of gas
entrainment into liquid slugs by Brauner and Ullman. The new correlation was found to give improved pre-
dictions at moderate and high mixture velocities over the previously used hydraulic jump analogy. It is
believed that the superior performance of the new correlation is due to the fact that, unlike the hydraulic jump,
it involves the fluid properties.
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